We give Bohr-Sommerfeld rules corresponding to quasi-eigenvalues in the pseudo-spectrum for a 1-D h-Pseudodifferential operator verifying PT symmetry.
Introduction and statement of the result
which we denote also by P = Op w (p), or p = σ w (P). We call as usual p 0 the principal symbol, p 1 the sub-principal symbol, and assume throughout that p 0 is real.
Fix some compact interval I = [E − , E + ], E − < E + and assume, following [6] that there exists a topological ring A ⊂ T * R such that ∂ A = A + ∪ A − with A ± a connected component of p
0 (E ± ). Assume also that p 0 has no critical pont in A , and A − is included in the disc bounded by A + (if this is not the case, we can always change p to −p). We define the microlocal well W as the disc bounded by par A + . This includes the case of the standard Hamiltonian p 0 (x, ξ ) = ξ 2 + V (x), but allows also for more general geometries.
For E ∈ I, let γ E ⊂ W be a compact embedded Lagrangian manifold (periodic orbit) in the energy surface {p 0 (x, ξ ) = E}, and for N = 1, 2, · · · , let K N h (E) denote the microlocal kernel of P − E up to order N, i.e. the set of local solutions of (P−E) u = O(h N+1 ) in the distributional sense, microlocalized on γ E . This is a smooth complex vector bundle over π x (γ E ), where π x : T * R → R. Finding the set of
contains a global section, amounts to construct normalized quasi-modes (QM) (u(h; N), E(h; N)) up to order N. In other words, the condition that determines the sequence of quasi-eigenvalues E(h; N) = E n (h; N) is that the corresponding quasi-eigenfunction u(h; N) = u n (h; N) be single-valued. It is known as Bohr-Sommerfeld condition (BS for short). In the sequel, we drop index N when unnecessary.
Assume that P is self-adjoint, and E + < E 0 = lim inf |x,ξ |→∞ p 0 (x, ξ ). Then BS determines asymptotically all eigenvalues of P in I, by the equation S h (E n (h)) = 2 π n h, to any order N. The semi-classical action
) dt includes Maslov correction and the subprincipal 1-form p 1 dt, where t is the parameter in Hamilton equations. Terms S 0 and S 1 are computed using Maslov canonical operator, or more specifically in the present 1-D case, the monodromy operator (see [11] and references therein). A more systematic method (still in the 1-D case) is based on functional calculus for h-PDO's, in particular Moyal's product, and uses a general formula due to [16] (see also [2] for earlier work). Thus, with
we have
This method was implemented in different ways by [14] , [6] and given later a diagrammatic approach by [5] and [10] , providing an algorithm to compute all higher order terms, in particular the 4th order term can be computed in a closed form without too much work. Note that all S j (E) with j ≥ 3 odd vanish.
It is shown further in [6] , using trace formulas, that BS gives actually all eigenvalues in I. Note that this approach, in contrast with the method of the monodromy operator, assumes already the existence of BS, and the problem is about the most efficient way of computing the S j 's.
In the real analytic case, when P = −h 2 ∆ +V (x) is Schrödinger operator, BS can be obtained using the exact complex WKB method (see [9] , [7] and references therein); it consists first in transforming Consider now a h-PDO P (not necessarily self-adjoint) that satisfies PT symmetry i.e. PPT = PT P, where PT = I , is the parity operator u(x) = u(−x) and I the complex conjugation.
At the level of Weyl symbol, this symmetry takes the form p(−x, ξ ; h) = p(x, ξ ; h). Such a property is sometimes considered in Physics as a natural substitute for self-adjointness. It is known that finding quasi-modes is in no ways sufficient to get information about the spectrum of P, but only about its pseudo-spectrum (see [9] , [8] and [15] for more recent results). The pseudo-spectrum is symmetric with respect to the real axis, and one expects generally to recover some real eigenvalues. We specialize further in the case where P has a real principal symbol. Our main result is the following: Theorem 1.1. Let P as above enjoy PT symmetry, and p 0 be real. Then, for at least N = 4, there exists
, is formally self-adjoint (at least modulo an operator with symbol in S N+1 (m)). In particular, there is a sequence of quasi-modes
where S j ∈ R are real. In particular, the pseudo-spectrum of P lies within a distance O(h N+1 ) of I. The coefficients S j (E) can be computed as in [10] from the symbol of Q; thus
is the action integral,
and
with ∆ as in (1.3) , and
Denoting by T (E) the period of the flow on γ E . Again, S 3 = 0, and S 4 (E) can be computed using ( [5] ,Formula (7.3) ) and the formula giving σ w (BPB −1 ) mod O(h 5 ).
Of course, we conjecture that Theorem 1.1 holds for all N. 2 has no critical point in I. If p and q analytic, then the spectrum of P is in fact real in I and given by (exact) BS. In fact, using also some of the technics elaborated in [12] , [4] showed that if P = −h 2 ∆ +V (x) + i ε W (x) is a small perturbation of the self-adjoint Schrödinger operator P 0 = −h 2 ∆ +V (x), then the semiclassical action is a real analytic function and the roots of BS are real eigenvalues of P. This implies Theorem 1.1 by choosing ε = h, but the argument of [4] heavily relies upon that particular form of P.
p(t) dt) v(x). Assume Q verifies PT symmetry, i.e. p and q are even on R, then the same holds for P. The microlocal well W E
= {(x, ξ ) ∈ T * (R); ξ 2 + q(x) − 1 4 (p(x)) 2 ≤ E} for P projects onto the potential well U E = {x ∈ R; q(x) − 1 4 (p(x)) 2 ≤ E}, so Theorem 1.1 holds provided V (x) = q(x) − 1 4 (p(x))
Proof of the Theorem
Since we know S h (E) for 1 self-adjoint operator ( [14] , [16] ), it suffices to conjugate P by an elliptic (but non-unitary) h-PDO so that the resulting operator becomes formally self-adjoint up to order N.
We proceed in several steps.
Birkhoff normal form (BNF)
LetP be self-adjoint as in (1.3) with (real) Weyl symbolp ∈ S 0 (m), and assume that its principal symbol p 0 = p 0 has a periodic orbit γ 0 at non critical energy E = 0. Then there exists a smooth canonical transformation (s, τ) → κ(s, τ) = (x, ξ ), s ∈ [0, 2π], defined in a neighborhood of γ 0 and a smooth (hD s ; h) . See e.g. [3] at the level of the principal symbol, and [13] for the full symbol; BNF turns out to be convergent in the 1-D case. In the canonical (action-angle) variables (s, τ), s ∈ [0, 2π], the parity operator : x → −x on the real line takes the form : s → π − s on the circle. Moreover, we can choose U so that it commutes with PT symmetry: U PT = PT U . 
The homological equation
for any ρ ∈ γ E . It is given by
Lemma 2.2. Assume p = p 0 as above and q is odd with respect to PT ; then (2.2) holds.
Proof. Using action-angle coordinates (s, τ) we have
where f ′ 0 (τ) = ω(E) is the energy dependent frequency. For ρ = (s, τ), exptH p 0 (ρ) = φ t (ρ) = (s + ω(E)t, τ). Then, using the periodicity of q
which is 0 since q(., τ) is odd as a function on the circle. 
Reducing to a formally self-adjoint operator Proposition 2.1. Let p(x, ξ
; h) ∼ p 0 (x, ξ ) + hp 1 (x, ξ ) + h 2 p 2 (x, ξ ) + · · · ∈ S 0 (m)
σ W (B), is real mod O(h N+1 ). Moreover, BPB −1 is again PT-symmetric (up to that order).
Proof. To shorten the exposition, we content to the lower order accuracy O(h 4 ). First we carry BNF for the self-adjoint partP = P + P * 2 of P, which has real Weyl symbol and verifies PT symmetry.
Since U commutes with PT , the anti-self adjoint part P − P * 2 also satisfies PT symmetry (but is not necessarily in BNF). 
where
Here R 5 (β 0 , α(p 0 )) is a Hamilton-Jacobi polynomial with integer coefficients, polynomial in the derivatives of β 0 up to order 2, homogeneous of degree 5 (total degree in (∂ x , ∂ ξ )) when counting altogether products and derivatives; and similarly for R 8 (β 0 , α(p 0 )). Note that these Hamilton-Jacobi polynomials depend linearly on α(p). The first order term of the symbol is real iff
and by Lemmas 2.1 and 2.2 this equation can be solved on γ E , and
We notice that β 0 (., τ) is an even function on the circle. So in (2.4) we are left with
Chek now the proposition for N = 2. 
The equation for β 1 reads
and we need to check the solvability condition (2.2). It is fulfilled when q = Im(p 2 ), since this is an odd function on the circle; consider now q = {β 0 , Re(p 1 )}, in action-angle coordinates we have
so again the compatibility condition holds for q = {β 0 , Re(p 1 )}, (2.10) can be solved, and (2.9) reduces
We notice that β 1 (., τ) is an even function on the circle. 
We need to check the compatibility condition for solving (2.12) , by the previous work it suffices to consider q = {{β 0 , Im(p 1 )}, β 0 }, and q = R 5 (β 0 , α(p 0 )). Using again action-angle variables, we have:
and the compatibility condition is fulfilled for that term since all functions to be integrated on the circle are odd.
For R 5 (β 0 , α(p 0 )) we proceed similarly. We check again that β 2 is an even function on the circle (i.e. under the transformation t → π − t).
Once we know β 2 , we compute σ w (B 2 B 1 B 0 PB
2 ) mod O(h 4 ), this gives: 
The equation for β 3 now reads
The compatibility condition is fulfilled for Im(p 4 ) and {β k , Re(p 3−k )}, 0 ≤ k ≤ 2 as before, for the dou- To prove the Theorem, we observe eventually that the knowledge of the symbol of BPB −1 mod O(h 5 ) ( [10] ,Formula(7.3)) is sufficient to compute S 4 (E) (although this formula was derived in the particular case where the symbol of P contains only p 0 ).
Extension to operators with periodic coefficients
As in [6] , we replace T * R by T * S 1 , and the hypothesis on P by the following:
• there is a topological ring A , homotopic to the zero section of T * S 1 , such that ∂ A = A − ∪ A + with A ± a connected component of p
0 (E ± ).
• p 0 has no critical points in A .
• A is "below" A + .
Then Theorem 1.1 holds; the only change is that S 1 (E) = 0. Again we reduce P to f (hD t ; h) as an operator on S 1 .
